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Thus, it is sufficient to determine the sign of the numerator. It is easy to show that the expression 

bxebx −+ )1(  attains a maximum of 1 for x = 0 and is monotonically decreasing thereafter. Thus for 

x ≠  0, the numerator is positive so that 0>
∂

∂
x
M .  
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Appendix II 

Amenity value of the resource stock is treated as non-rival and the utility function is separable: 

)()(),( XCVXCU Ω+=  (A1) 

The maximization problem for the modified problem is 
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 (A3) 

The separability assumption permits one to solve the two components of the integrand 

separately. The first piece has already been solved in the standard framework, and the second 

piece is straightforward to solve, given that amenity is treated as non-rival: 
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(A4) 

where ]1[)( )(1 NeB ρβρβ −−− −−= . If we suppose that )1()]([))(( −−−= ηω tXtX , then 

)1()]([)( −−⋅−=Ω ηtXBX  (A5) 

We also already know that  

)1()]([)( −−⋅−= ηtCACV  (A6) 
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where ηηρβηρβ ]}1[){( /)(1 NeA −−− −−= . In general, BA ≠  because of how rival and non-rival 

elements are treated across groups τ at time t. Equation (A3) can now be rewritten: 

)1()1( )]([)]([),( −−−− −−= ηη tXBtCAXCU  (A7) 

The current value Hamiltonian corresponding to the dynamic optimization problem (A2) is 

])([])(),([),( RXGCRXKRKFXCUH −+−−−+= ψθγλ  (A8) 

Application of the maximum principle yields standard first order conditions, which can be used 

to derive the Ramsey condition: 

C
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CVFK


 ηρργ +=
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−=−
)(
)()(  (A9) 

and a Hotelling rule for extraction of the renewable resource: 
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where the marginal rate of substitution is 

η−

⎟
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⎞
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⎛==
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X
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U
UMRS
C

X  (A11) 

Although β, which is embedded in A, disappears from the Ramsey equation, the constant 

1)/( ≠AB  in general and embodies β, ρ and η. 

In the steady state, 0=K , 0=C  and 0=RF , which means that the modified golden rule 

conditions are 

)( ργ +=KF  (A12) 

and 

ρ
θ

θ
−ʹ′
−ʹ′
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)(

/)()()(
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UUXGXXF CX
R  (A13) 
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The golden rule conditions are analogous, except with 0=ρ , and can be solved for K̂  and R̂ , 

which in turn determine Ĉ  and X̂ . The Koopmans transformation is then )ˆ,ˆ(),( XCUXCU − . 

The Ramsey and Hotelling conditions in transition to the steady state are as before, but with 

0=ρ .  

Recall that ηηρβηρβ ]}1[){( /)(1 NeA −−− −−=  and ]1[)( )(1 NeB ρβρβ −−− −−= . If we use the 

first order approximation )1( ze z −=− , A and B simplify to ηNA =  and NB = , and the 

expression for MRS in the Hotelling condition becomes ])/][([ )1( ηη −−− XCN , where the first term 

in the square brackets is equal to A/B. Even with the inclusion of amenity, the continuous time 

OLG framework “collapses” to the standard Ramsey-Hotelling model and individual impatience 

drops out. 

Now suppose a tax T is placed on amenity X to help restore resource quality. The tax 

revenue XT ⋅  goes entirely toward restoration, and the coefficient α, 10 ≤≤α , accounts for 

possible partial restoration. The new planner’s problem is 

max0
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(A14) 

The corresponding current value Hamiltonian is 

])([])(),([),( RXTXGCXTRXKRKFXCUH −⋅++−⋅−−−+= αψθγλ  (A15) 

It is straightforward to derive the standard Ramsey condition, but the generalized form of the 

Hotelling rule turns out to be more complex. Taking the time derivative of the expression for ψ 

in the first order condition for R yields 
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])][([])()()()([ ργθθαθθψ −−−−ʹ′+⋅ʹ′−ʹ′−= KRCRC FXFURXXTXXGXFU   (A16) 

Substituting (A16) and the expression for ψ into the first order condition for X results in the 

following expression: 
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 (A17) 

which can be rearranged into the generalized form of the Hotelling rule for renewable resources: 
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 (A18) 

In the steady state, 0=RF  and ργ +=KF , which means that  

ρα
αθ

θ
−+ʹ′
−++ʹ′

=−
TXG

UUTTXGXXF CX
R )(

/])()[()(  A19) 

The objective of the amenity tax is to approximate intergenerational neutrality, i.e. the tax should 

induce the golden rule steady state that obtains for 0=ρ . Thus, we solve for tax T that makes 

the steady state with 0>ρ  equal to the golden rule steady state: 
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After some algebraic manipulation the optimal amenity tax is 
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When harvesting cost is constant, i.e. 0)( =ʹ′ Xθ , the tax becomes 

)(/
/

XGUU
UUT

CX

CX

ʹ′+
⋅=
α

ρ  (A22) 

To explore the effects of varying production and cost parameters on the tax coefficient D, 

we work through a simple numerical example. In order to obtain specific solutions, we make the 
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following assumptions: )/1()( maxXXrXXG −= ; 1  ,),( =+= baRKRKF ba ; 

XCXCU loglog),( += ; XeX /)( =θ ; γ constant, and α=1. Without loss of generality, we can 

set 1=r  and 1max =X  because r drops out in the computation of steady state X̂  and MRS, and 

X̂  is computed as a function of maxX . Then ba
K RaKF 1−= , 1−= ba

R RbKF , XXG 21)( −=ʹ′ , 

2)( −−=ʹ′ eXXθ  and XCUU CX // = . In the Golden Rule steady state, γ=KF , which implies 

that baKR /1)/(γ=  and ba
R abF /)/( −= γ . We use RF  to designate the golden rule steady state 

value of RF . Also since 0=K , RXKrKFC )(),( θγ −−= , or equivalently 
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In the steady state 0=X , which implies that )1()( XXXGR −== . Plugging R into (A23) 

yields 

)1()1( XeXXFC R −−−=  (A24) 

The Golden Rule steady state (with 0=ρ ) is described by 
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We compute the amenity tax coefficient D for various values of e and a while holding capital 

depreciation fixed at 10/1=γ  (Table A1). We also compute D~  for the assumption that 

0)( =ʹ′ Xθ : 

eF
eFD

R
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3]1[2
32~
−−
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=  (A26) 
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For what we believe is a reasonable representation of production (a=2/3), the results are not 

heavily sensitive to e. X̂  increases slightly with e but remains close to 2/3. That means MRS 

dominates in the formula for D and 1≈D  for all values of e tested. Since 1~
≈D  for all values of 

e as well, we conclude that for ba > , D~  is a reasonable approximation. For this particular case, 

the approximate amenity tax is ρ=T  (if there is a positive ρ ). For the case of a=2/3 and 1<α , 

where the magnitude of MRS dominates the magnitude of )(XGʹ′ , the tax formula (A22) 

collapses to αρ /=T . The smaller the restoration coefficient, the higher is the amenity tax. 

Table A1. Amenity tax sensitivity analysis 

 e=1/10 e=1/2 e=1 
 a=1/3 a=1/2 a=2/3 a=1/3 a=1/2 a=2/3 a=1/3 a=1/2 a=2/3 

RF  1.22 2.50 14.81 1.22 2.50 14.81 1.22 2.50 14.81 

X̂  0.681 0.673 0.668 0.760 0.706 0.672 0.914 0.757 0.679 

)ˆ(Xθ  0.147 0.149 0.150 0.658 0.708 0.744 1.09 1.32 1.47 

)ˆ(Xθʹ′  -0.216 -0.221 -0.224 -0.866 -1.00 -1.11 -1.20 -1.75 -2.17 

)ˆ(XG  0.217 0.220 0.222 0.182 0.208 0.220 0.079 0.184 0.218 

)ˆ(XGʹ′  -0.362 -0.346 -0.336 -0.520 -0.412 -0.344 -0.828 -0.514 -0.358 

)ˆ()ˆ( XGXθʹ′  -0.047 -0.049 -0.050 -0.158 -0.208 -0.244 -0.095 -0.322 -0.473 

XXGX ˆ)ˆ()ˆ( ʹ′ʹ′θ  0.053 0.051 0.050 0.342 0.291 0.257 0.908 0.681 0.527 

XCMRS ˆ/=  0.342 0.769 4.87 0.134 0.439 4.61 0.011 0.287 4.28 
D  4.86 1.55 1.06 2.56 1.23 1.02 0.570 0.785 0.966 

)0(~ =ʹ′θD  15.50 1.74 1.07 -0.887 1.66 1.07 0.218 ∞  1.08 
 


